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Intertwining Relations, Asymmetric Face Model, 
and Algebraic Bethe Ansatz for SUp,q(2) Invariant 
Spin Chain 

A. Ghose Choudhury I and A. Roy Chowdhury t 
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Intertwining relations for the quantum R-matrix of the SUp.,~(2) invafiant spin 
chain are obtained and the corresponding face model is deduced. An important 
difference is seen to arise due to the asymmetry generated by the parameters p 
and q, which leads to a asymmetric face model. An algebraic Bethe ansatz is set 
up and solved with the help of these intertwining vectors. 

1. INTRODUCTION 

Integrable models of quantum spin chains have played an important role 
in the development of the quantum inverse scattering transform (Baxter, 
1982; Faddeev and Takhtajan, 1979; Wadati and Akutsu, 1988). Besides the 
usual model of nearest neighbor interaction, other models, such as IRF, SOS, 
etc., are in vogue and have characteristics of their own (Wadati, 1988; Akutsu, 
1987; Deguchi, 1987; Yang and Ge, 1990). It was also demonstrated that the 
usual spin-chain model can also be transformed into an SOS or IRF model 
by the use of intertwining relations of the quantum R-matrix (de Vega, 1990, 
1992). Here we construct the IRF model pertaining to the quantum R-matrix 
of the SUp,q(2) invariant spin chain (Das Gupta and Roy Chowdhury, 1993). 
The Bethe states are subsequently constructed by the intertwining relations. 
Two parameters p and q give rise to a new feature of our model leading to 
a different amount of shifting on the lattice. 
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2. FORMULATION AND DERIVATION OF FACE MODEL 

The  quantum R-matrix for  the SU,.q(2) invariant spin chain can be 
written as 

R =  bl C 
C b2 (1) 

0 0 

where 

k ~t, 1, a = - - q - - ~ p -  
~x 

= q _ p - i  bl 

k tx 
- Ix k '  b2 

C 

We define new variables u and v through h = e" and Ix = e v and also set q 
= e ~ and p = e "~ and consider  the t ransformed R-mat r ix /~  = RP, where  P 
is the permutat ion matrix. The intertwining relation for  the above R-matrix is 

R(u - v )~ l (u )  @ dPz(V) = h(u - v)[~3(v) ® ~4(u)l  (2) 

A simple analysis of  equation (2) shows that possible solutions are 

f e u/2 
* ,  = X+(u) = ~ e - . n j ;  

(eV,2) 
*3  = X+(v) = \e-,,/2J; 

e v-r)/2 
~2 = X+( v - 31) = ~e-,, ,- ,)n] 

{ 
1~4 = X+( u - "~l) = ~e-(V-3,)12} 

(3) 

and a second set is 

f e-ul2) 
do, = X - ( u )  = ~ e,,n 1; 

! 

q~3 = X-(v);  

f e-(V-~)12) 
dP2 = X - ( v  - 8) = k eC,,_~)/2 j 

~ 4  = X - ( u  - 8)  

(4) 

One can then easily deduce the fol lowing relations for the X= vectors: 

R(u - v)[X+(u) @ X+(v - r)] = h(u - v)[X+(v) ® X+(u - "/)1 (5) 
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with h = e u-v+~ - e -("- ' '+v), and 

[~(u - v ) [ X - ( u )  ® X - ( v  - ~)1 = h(u  - v ) [ X - ( v )  ® X - ( u  - ~)1 (6) 

/~(u - v ) [ X + ( u ) ®  X-(v  + o01 

= (e ~ - e - v ) [ X ÷ ( v ) ®  X - ( v  + oQ] 

+ e~a-~/Z(e " - "  -- e-U' -v~)[X-(v  + et - ~/) ® X÷(u - ~)] (7) 

P,(u - v)[X-(u) ® X+(v + a ) ]  

= (e ~ - e - ~ ) [ X - ( v ) @  X+(u + or)] 

+ (e"-"  - e-("-"))eCS-vl/2[X+(v + a - ~) ® X - ( u  + 30] (8) 

Equations (5 ) - (8 )  will be repeatedly  used in the fol lowing.  
We now deduce  the statistical weight  factors  for  the cor responding  face 

model  by using the above  equations.  For that we choose  the unspecif ied 
constant  e~ as fol lows:  

a = (k + l ) r  + (k + m ) ~  - s for X+-type vectors  

a = - ( k  + l ) r  - (k + m ) ~  + t for  X - - t y p e  vectors  

where  k, l, and m run over  integers. With this choice  we can designate the 
vectors  X, X' ,  Y, and Y' as fol lows: 

x = x+(o + a )  = X~+~(O) 

x '  = x + ( o  + ~ - 7 )  = Xt+~-t(O) 

Y = X - ( O  + or) = Yt+k(O) 

Y' = X - ( 0  + a + r) = Yt+k-l(0) 

Thus  equat ions ( 5 ) - ( 8 )  can be writ ten as 

R(u  - v )X t (u )  @ X t - t ( v )  = h(u  - v)Xl(v)  @ X l - i ( u  ) 

e ( u  - v)YI(u)  ® Yt+t(v) = h(u  - v )Yt (v)  ® Yt+t(u) (9) 

R(u  - v )Xt (u)  @ Y?(v) 

= (e ~ - e - v ) X t ( v ) ®  Y?(u) 

+ (e "-~ -- e-"+~)e~S-'/vzYp+l(v) @ Xl+l(u) 

~(u - v)~(u) ® Xl(u) 

= (e ~ - e- 'OYp(v)  ® Xt (u)  

+ (e ' ' -v - e-"+")e(~-'~)/2Xl_ t(v)Yt,-i(u) 
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We now regroup  the two c lasses  o f  vec tors  X, Y into a s ingle  set by def in ing  

Xt"J-l(u) = Xt(u); Xl't+t(v) = Yt(v) 

Thus  the above  re la t ions  can be wri t ten  as 

~(u - v)XIJ-~(u) ® Xt-tJ-2(v) = h(u - v)XIJ-t(v) ® Xl-l't-2(u) 

R(u - v)Xt't+t(u) ® Xt+l't+~(v) = h(u - v)XIJ+l(v) ® Xt+tJ+Z(u) 

R ( u  - -  I ) ) x l ' l - l ( I , l )  ® X P ' P + [ ( v )  

= (e ~ - e -v)Xt , t - I (v )  ® XP'P+I(u) 

+ (e ,,-v _ e-,,+~)eC~-vl/zxp+ t.p+2(v ) ® Xt+t.t(u) 

~ ( u  - v)Xp'P+l(u) ® XIJ-l(v) 

= (e s - e-v)Xp.p+l(v ) ® Xt. t -I(u)  

+ (e "-v _ e-,+V)e(~-v)/2XI-1,1-2(11) (~ X p- l'P(u ) 

By a s imple  read jus tment  o f  the indices  all these can be c o m b i n e d  into a 
s ingle  one,  

e ( u  - -  v ) s l ' m ( u )  ~ x m ' n ( v )  = E W ( l ,  m, n. pO)Xt4'(v) ® XP"(u) (10) 
P 

where  0 = u - v, a long  with the cond i t ion  

l l - m l  = t m -  n l  : I I - p l  = t p -  nt  = 1 

so that  we  can read  of f  the s ta t is t ical  we igh t  factors  for  the face model .  

W(l + 1. l. l - 1. l) = e "-v+~ - e -('-~+'Y) 

W ( I -  1. l , l +  1. 

W ( l . l -  1, l, l - 

W ( l . l -  1,1 ,1  + 

W ( I . I +  l , t . l  + 

W ( l , l  + 1, l . t -  

l )  = e u - v + 5  - -  e - (u -v+ 'v )  

1) = e ~ --  e -'¢ 

1) = (e ~-~ --  e-U+V)e (~-'~v2 

1) = e s - e -'~ 

1) = (e u-~ - e-"+~)e ~-'~v2 

(11) 

3. C O N S T R U C T I O N  O F  T H E  V A C U U M  S T A T E  

We now proceed  to the expl ic i t  rea l iza t ion  of  the Bethe states and the 
eva lua t ion  of  the co r re spond ing  e igenva lues .  

The  m o n o d r o m y  matr ix  reads  

To~(O)= ~ t"~ ~' ~ • "" taaN_l (O)  atb(0)t~M~2(0 ) (12a) 
a I" " "aN- 1 



Intertwining Relations for SUp,q(2) Invariant Spin Chain 1703 

where 

[Gb(0)]~ = R~(O) 

A family of gauge-transformed monodromy matrices follows by replacing 

[M'k+lt].ct(ck)a(O)[MK+t-i],~b (12b) 

where M is a 2 × 2 matrix 

M =  X2 

and 

r~} \ = (X, D 
1"2 / 

- yj = 
M-l = A -X2 Xl 

For the monodromy matrix associated with a line in the lattice we find 

Tba(O),~j v ~ [Mf+~]a,~Tc, dO),~.~[Mt],~ = T~J~(O) 

In general we write 

/At(0) Bt(0)'~ 
r~(0) = ~c'(o) O'(O)J (12c) 

The first step in setting up the Bethe ansatz is to define a vacuum state, 
which is obtained from the condition that the "21" element of  ~(0) operating 
on an arbitrary vector to = (tol, to2) ÷ vanishes. That is, 

fz,(O)to = 0 (12d) 

which is equivalent to 

~(tLY ® ~o)o~ = 0 (13) 

Comparing with equations (5)-(8), one observes that a possible set of solu- 
tions is 

X = X÷(0 + ~) 

X' = X+(0 + oL - -,/) (14) 

= X + (  °~ - 7 )  

After the identification of  the vacuum, we find the eigenvalue of  the state 
corresponding to the diagonal elements of ?(0). For that we observe that 

?11(0)~o = -h(0)co' with o '  = X+0x) 



1704 Choudhury and Chowdhury 

or 

Similarly, 

it l(0)X+(cx - 7) = - h ( O ) X + ( ° O  

~2(0)X+( a - 7) = b l e g - ~ X + (  a - 7 - -  5) 

(15 )  

(16) 

We now define the arbitrary quantity a occurring in (14) to be 

c~ = ( k +  l) 7 + ( k +  m ) ~ - s  

k, l, m integers, for X+-type vectors, and 

ot = - ( k +  l ) 7 -  ( k +  m)~ + t 

for X-- type vectors, whence we can at once rewrite the solution vectors X +, 
X-, and Y as follows: 

X÷(0 + a)  =3(+(0 + (k + l) 7 + ( k +  m ) ~ -  s) 

= x~+~(0) 

x '  = x ÷ ( 0  + a - 7 )  = X t + k - , ( 0 ) ,  

Y' = X-(0 + a + 7) = Yl+k-I(O) 

(17) 

X-(0 + a) = Yt+k(0) 

(18) 

Thus we may say that X', Y' correspond to the (l + k - 1)th point of  the 
lattice and X, Y correspond to the (I + k)th point. Consequently we get 

to = X + ( a  - 7 )  = tol, 

to' = X+(c0 = tot~+ l (19) 

to" = to/-1 

Equations (12), (15), and (16) can be recast as 

i l l (O)to~ = h(0) to~+ l 

i2e(0)to t = (e ° - e-°)e ¢~-~)/2tot-I (20) 

i2~(0)to~ = 0 

which permits us to interpret the action of  the elements of  the monodromy 
matrix as a shifting on the lattice site. 

4. CONSTRUCTION OF THE BETHE STATE 

From the above property of the vector to~ the pseudovacuum can be 
defined as 
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~ = to~ ® to~ ® oJ~ - . .  ® eo~v (21) 

This structure o f  f~Jv leads at once to 

A(0)Y~v = hO(0)Otu+' 

D(")(0)~t  N = (e ° --  e-O)eN/2(a-v)~ttN-I 

C(')(0)t-l~v = 0 (22) 

Next  we consider  the t ransformed monodromy  and transfer matrix 

T~"I)(O) = M,TI (O)T(O)Mt (O) ;  "r(O) = A . . t  + D. . t  

_ ( a n t ( O )  B,,,(0)) 

- kc,,i,(o) D,,I,(0)J 

_ 1 [~',,(0)T(0)X(0) f ' , ,(0)T(0)Y(0)] (23) 
A(o) Lf ; . (0)T(0)X(0)  ~ . ( 0 ) T ( 0 ) Y ( 0 ) J  

The commuta t ion  rules of  these new monodromy  elements  can now be 
deduced by the use o f  

[~(u - v )Y t (u )  Q Yt+t(v) = h ( u  - v )Y t ( v )  ® Yt+l (u)  (24) 

and its adjoint  

17"t+l(V) (~ ~' l (u)R(u --  v )  = h ( u  - v)~'t+t(u) (~ Yt(v)  (25) 

and using proper  projection, which at once yields 

Bt+ i,k(U)Bt,k+ I(V) = Bt+ i.k(v)Bt,k+ I(U) (26)  

a k ~ ( v ) B k - l , . + l ( U )  = at(U --  V)Bk. .+z(U)Ak-~, .+ l(V) 

-- ~(U --  V ) ' ~ k . . + z ( V ) A k - L , , + I ( U )  (27) 

Dk, t (U)Bk- l , /+ i(V) = at(U -- V )Bk -  z . I (V)Dk-l , t+ I(V) 

-- ~(U -- v)Bk-z.I(u)Dk-1,1+ I(v) (28)  

where 

oL(u - v )  
h ( u  - v)exp((3, - 5)/2) 

= e "-"  _ e_,,+~ ; [3(u - v) 

(e ~ - e-r)exp((~¢ - 5)/2) 

e , , -v  _ e-, ,+,,  

We now start with the state 

A = 13t-t,/+ ~(v0131-2,/+2(v9 " '" 13t-,,,l+,,(v,,),fl~v +" 

(29) 

(30) 
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and deduce with the help o f  above communica t ion  rules 

At j (u)A  = ~ et(v~ - u)Btj+ z(vi)Bt- l j+ 3(v2) " '"  Bl+l-.,t+ l+,,(v,,) 
k = |  

× A t _ . j + , , ( u ) ~  +" 

kej 

× " ' "  Bt+ 1 - n,l+ I +~(v~)At-,,,t+n(vj )f~ t+~ (31 ) 

N o w  At-. , t+.(u) can be applied on Iltu -"  only when n = N/2, whence  we 
get, using 

A(P)(ullIfv = hN(u)afv +l 

h(u) = e "+~ - e -~"+'~) (32) 

that 

At,t(u)dct(vb v2 . . . . .  v,,) 

= hN(u) [-I et(vk - u)Bt . t+2(vO"" ~Sl+l-n,t+l+n(Vn)~ +"+l 
k = l  

k.j 

X " "  Bl+ N l+l+n l-n J+ l+~(v~)h (Vj)I)N (33) 

By a similar computat ion,  

Dl , t (u )~ t ( v l  " "  v . )  

= h'U(u) ~ ~(u - vk)~H(vl''" v.) 
k = t  

j = l  k = l  
k~j 

x (v~ . . .  b - I ,  u ,  vj+t "'" v,,)  

h'(u) = (e" - e -" )exp  (34) 

Now the transfer matrix is given by 
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T(u) = Ai.t(u) + Dtj(u)  for all l 

From the relations we observe that due to the operation of  At. t or D/.I the 
index of  t~ changes by one and hence they are not eigenvectors. To construct 
eigenvectors we multiply relations (33) and (34) by e 2~'i1°, 0 -< 0 -< 1, and 
sum over l from - ~  to ~: 

I= -cx~ 
{At.t(u) + 2.~uo . .  Dt.t(u)}e +l(vlv 2 • v,,) 

hN(u) a(Vk -- u)eZ~it°kbt+l(vl ' ' "  v,,) 
/=-~ k=l 

-t- h'N(u) k=lF'I O t ( U  - -  V k ) e 2 a r i l O d f l l - l ( V l  " ' "  Vn) ] 

+ t = - ~ j ~ e 2 ~ i t ° [  ~ 3 ( u - v j ) ~ I a ( v k - v j ) h N ( v j ) ' =  k=, 

k4:j  

x ~l+~(Vl . . .  Vj_l, u, Vj+l . . .  Vn) + f3(u -- V~) 

x ~ ,~(vj - v k ) h ' N ( v , ) * , - , ( V ,  "'" v.i-,, u. v,+, " "  v.)] k=l 

Now suppose 

e2~rilOt~t(Vl . . .  Vn) = ~0(Vl - . ,  en) 

Thus we get 

"r(u)'~o(v, " "  v , )  

j=l k=l 

- e2~i°f~(u - vj) k=, ~ o~(vj - vk)h'N(vkl]~o(Vl "'" Vj-l, U, Vj+I "'" V,,) 
k . j  

(35) 
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Thus dP 0 will be an eigenstate of "r(u) if and only if the second bracket in 
(35) vanishes; whence we get 

[ ~ ] N  = e 4~riO ~ n ( v j -  v~) 
a(vk (36) 

l h (vj)J  , :  ~ vj) 
kCj 

and the eigenvector becomes 

A(u) = e-2"i°hN(u) (] a(vk -- u) + e2~i°h'N(u) ~ a(u -- v~) (37) 
k=l k=l 

5. CONCLUSION 

We have constructed an asymmetric face model corresponding to an 
SUp.q(2) invariant spin chain. The asymmetry is generated due to the parame- 
ters p and q. The intertwining relations are used to construct the Bethe 
eigenstates. Our analysis may give some clue to the construction of general- 
ized face models. 
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